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Abstract

Several models of multiple particle scattering in homogeneous matter are treated as
random walks and analyzed with techniques of multi-variate probability theory.

The time is treated as a random variable equivalently to the space variables. This
approach is in contrast to that of treating the time as a parameter as is done in the special
theory of stochastic processes.

The transition of the time variable from a probability to a conditional variable is
associated with a transition from Markovian to non-Markovian processes.

For exponentially distributed times of flight, exact spatial probability density functions
and fluxes, conditional upon the time, are obtained for the cases of constant speed
isotropic scattering in one and two dimensions.

Mathematically, the models may be considered as a mixture of random walk and renewal
processes.
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1)

The mathematical theory of random walk processes dates from 1905 when Pearson posed
the problem of determining the probability density of a particle, actually an inebriate,
undergoing displacements of equal length in random directions.

The names of Rayleigh and Kluyver are associated with early solutions to this problem

[1].

Markov expressed a general procedure for treating such problems. The method, which
bears his name, has been generalized by Chandrasekhar[1] , and will be used here in a
somewhat different form.

To develop familiarity with the methods used here, consider the following process.

A particle, starting at the origin &t= 0, undergoes a collision after a tige The timet,
is taken to be a random variable described by a probability dqm(&;@y In this paper we
restrict ourselves to the exponential density function.

p(t,) = oe™ " 0<t, (1.1)

Herev is the speed of the particle aadis a microscopic scattering cross-section, or,
inverse mean free path

As a density functionp(t,) satisfies

[idtop(ts) =1 0< pt,) (1.2)

After the collision, the particle moves off in a new direction and undergoes a second
collision after a time, . t;, as well, is described by (1.1).

Continuing in this way, there are, aftercollision, n+1 random variables
t; i=0,10[h. Note that the counting convention used here counts the number of

collisions prior to the last collision.
The total elapsed timeafter n collisions is
t=t,+t +t, (2.3)

a random variable which is a function of the 1 statistically independent random
variablest;,
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The probability density fot, conditional upom collisions having occurred is
p(t|n) = [dt, [dt, 0 dt, o(t, ) o(t,) OIp(t, ) (1.4)
[ o o I ctoftof

where the region of integration R is the surface #l dimensional space defined by
equation (1.3).

Using the Dirac delta function, (1.4) may be expressed as

p(t|n)= Lﬁto J’Oﬁtl D]]]I:atnp(to)p(tl) D]]];b(tn)5§ - itjg (1.5)

where now the range of integration is over the entire domain of the vartables

To evaluate (1.5), the delta function is expressed as an inverse Fourier transform.

E]

. 74 (1.6)

5%( ‘JZ JE_ —J’_mdkte

Substitution of (1.6) into (1.5), a change in the order of integration and the fact that the
p(t;) are all the same, yields

p(t|n) = %T I_Z dkle”‘*[ I: dt, o(t, )e ™ " (1.7)
Substitution of (1.1) and evaluation of the integral dyegives
ﬂ+1
p(t|n) ——I dk, 'k‘t"wm (1.8)

(1.8) is evaluated by the method of residues using a contour enclosing the upper half
plane including the pole & =iov. The result is

_ (o) o
p(t|n)—avTe o<t (1.9)

p(tn)=0 t<0

(1.9) may be integrated to show the(t | n) is normalized.

J’(j}a(t In)=1 (1.10)

-4-
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The method followed here is essentially the Markov method for evaluating the density
function of a sum of random variables [1].

(2)

We turn now to the study of a scattering model in one dimension. Consider a particle that
moves along thex axis and undergoes scatters that reverse the particles direction without
changing it's speed. The particle starts, say, at the origin moving in the pasitive

direction.

After n collisions the x coordinate of the patrticle is

X = Vi, — Vi, + vt, — (I3 (- z (2.1)

Using the methods of section (1), the joint probability densityxfandt conditional
upon n collisions having occurred, is

w oo O &~ 00 n 0
L(x,t]n) = [dt dt ot t )ort-St -v§ (-1)'t, 2.2
p.(xt[n) = [ dt, M, p(o)mlb()g;gg 2Vt @2
where the + subscript indicates that the particle started in the positive direction.

The product of delta functions is a natural expression of multiple constraints and gives
results in agreement with standard methods of constrained integrations [2].

Using (1.6) and

(2.3)

69( VZ 0 2n dke

we have, after a change in order of integration, grouping of similar integrals and
evaluation of the integrals ovégr

+1

v 0 (2.4)

e XBU\/HK +ivk,)*(ov +ik —ivk,)' G

p.(xtIn)= ( J’ dk[e'k“

27m)°

Herep+g=n+landp=qor p=q+1. pisthe number of translations in the
direction, g is the number in the x direction.

New variables are defined implicitly by the equations

-5-
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k = ﬂ(h + k_)
K = (k -k )

(2.5)

2
The Jacobian of the transformationgig!. The effect of the change in variable is to

separate the integrand, giving

elkJ(VHx)/Z © ik o(vt-x)/2
xt|n — [ dk —— 2.6
plxtn) n2f—w " (1+ik,)" s (1+ik ) =9
(2.6) is evaluated, as before, by the method of residues.
For n=0, that is, before a collision occurp,=1, q=0, and
p(x,t|0) = ove (vt - x) o<t (2.7)
Forn>0,
p-1 _ gq-1
p+(x,t | n) = ove ™ EEE (Vt + X) (Vt X)
20 (p-1  (a-2)
p.(xt|n)=0 vt <[x] (2.8)
-Vt xXxswut O<t
(2.8) may be expressed, for even, as
o _ (os/2)"?
xt|n)=——=e vt + — 2.9
p.(xtin) = %R e ™ v e i o (2.9)
(OO 2 O
and fornodd, as
2 n-1
0. (%t 1) oV o (03/2)
2~ Dhgm-24
(pO0 2 O (2.10)
5= (W)~

It is seen from (2.7) that the density for the particle before a collision occurs is an
exponentially damped delta function centered at the position of the particle as it moves in
the positive x direction.
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From (2.8), one sees that after a collision the particle might be found anywhere between
—vt £ X< M, but with greater probability near the origin.

Integrating (2.8) over x recaptures (1.9).

I_V; dxo, (x,t|n) = W%“M = p(t|n) (2.11)
(Note that the integral over x fgg, (x,t|0) has limits of integratiorte, since x is only

restricted by the delta function, thus, the poirt vt is always included).

3)

The question now arises, may we somehow determine a probability density for x in
which contributions from every n occur.

Until now, we have been considering continuous Markov series in the variable x and t, or
alternatively, a discrete Markovian process in the variable n [3]. This is seen by
expressing the density for+1scatters in terms of the density fescatters, and

recognizing therein the Schmoluchowski-Chapman-Kolmogorov equation. ( This actually
identifies the process as a member of a slightly larger set of processes including the
exceptional non-Markovian processes that satisfy the S-C-K equation [3].

p(xt|n+1) =J’dx’dt'dxodtop(xoto)5(t —ty = t')3(x = %, = X) (3.1)
This equation will be discussed in section (13).

The operations of this section will destroy the Markovian property and render the
processes non-Markovian.

To proceed, form the conditional probability dengify |t,n)

plxtin) p(tin)#0 (3.2)

plx|tr) = p(t|n)

Consider as well the probability(n |t), the probability of n scatters given the time t. The
probability densityp(x,n|t) is given in terms of these new quantities by

xt|n)P(n|t)
p(t|n)

p(xn[) = (x|t r)P(n 1) = & (3.3)

p(x,n|t) is a mixture of a density in x and a distribution in n.
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We now evaluateP(n|t). Consider the space of events labeled by a particular ordered set
of numbers(t,,t,, (I}, [T0],,) where thet; satisfy the conditioni t =t. Thet are
weighted by the functiom(t,). _

The probabilityP(n|t) is given by the ratio of the number of events in the subspace of
events defined by, +t, +L +t, =t t L t, =0 to the total number of events in

n+l’ n+2’
the space of events. The events common to more than one subspace cause no problem
since they are of measure zero.

P(n|t) is thus given by
J’ dtJ' dt, Dm}' dt,o(t, ) o(t,) CIp(t, )o(t - t, —t, (-, )

ZI dt, o, CI0f it oty ) oft,) At Joft -t —tiL -t;)

P(n|t) =

(3.4)

or,

P(n|t) =f)(t—|n) (3.5)
p(t!])

1=0

where p(t | n) is the probability density for a sum of+ 1 random variables with density

p(ti )
Substituting this result into (3.3) gives

p(x,n|t) = M (3.6)

> Atl)

Now sum over n to find

p(x|t) :z p(x,n|t) = =° (3.7)
n=0

This is a general result independent of the particular form of the densities. The only
difficulty arises when the sum in the denominator of (3.5) is not finite.
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For Exponentially distributed times of flight(t | n), as given by (1.9), has the property
that

00

5 pltim=ov (3.8)

consequently,

1
x,n|t)=—p(xt|n 3.9
plxn|t)=— p(xtIn) (3.9
and the probability density for x conditional upon t is

l (o]
xt:— xtn 3.10
(x19=, 5 plxtin) (3.10)

P(n|t) is recognized as the Poisson distribution. The expected value of n, conditional
upon t, is given by

(n|t) = znP nit) = (3.11)
The expected value of n is thus proportional to t, a result in contrast to the approach of

taking n proportional to t as was often done in early random walks.

A word here is appropriate regarding the historical development of probability theory.
Many results are available with respect to the properties of chained processes and in
particular of Markov chains.

In relating these processes to physical processes, it has been common to make the
assumption that temporal development is given by the chain number. The primary
consequence is that the processes continue to be Markovian in the continuous variable t.

Here, another notion of temporal development is indicated by equation (3.6). These
processes are in general non-Markovian.

The pseudo-Poisson process [3] is a special case of (3.6) and is characterized by
p(x.tIn) = p(x|n)o(t|n) (3.12)

Here p(t |n) is given by (1.9) and statistical independence of x and t is explicitly
indicated.
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4)

We now use the results (2.7) and (2.8) for one dimensional back-scatter and formula
(3.10) to derive a probability density for x, conditional upon t, and in which contributions
from all n occur, namely

D * p-1 q—lD
p.(utIn) =€ ot —x)+ 3 (o2 MF X (M=X) -
0 5 (p-2) (a-2) g (4.1)
—vt<x<swt o<t
wherep+g=n+landp=qor p=q+1.
By grouping odd and even terms, (4.1) takes the form
oD o & (os/2)* o2 = (os/2)*0
p.(x1t) =™ Bt —) + & 5 1A O g5 (0512
0 25 K 4 & K (k +1). 0 (4.2)
s=4/(vt)’ = —vt<x<wt 0<t

The two series in (4.2) are identified as modified Bessel functions [4], giving the result,

—ovt o o (vt+X il
p.(x1t) =& [t =) + 1o + 7 U9 (o)
O 2 2 s O (4.3)
5= (V)" = x2 —vt<xswt o<t
With the substitutiors =vtsin8, x =vtcos, (4.2) may be integrated to show
vt
J’_vt dxp, (x|t) =1 (4.4)
The above probability density is that for a particle starting inttkelirection. The
density p_(x|t) for a particle starting in thex direction is
p(x]t) = p.(-x]t) (4.5)
The density for a particle starting isotropically is
1 1
Piso(x|t)ZEP-(X“)"‘EFL(X“) (4.6)

or,

-10-
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Po(X10) = 2 e (=) + 5(ut + ) + oly(09) + 0 2 1, (09 @.7)

Here o is the cross-section for back-scatter.

(5)

We now treat the one dimensional isotropic scattering problem. In this mode, the particle,
after each scatter, is found, with equal probability, to be moving iaxher the —x
direction.

In the previous case, there were 1 independent random variablesi = 0,1, 2, [1H.
Here an additionah +1 random variables are introduced, namedyj = 0,1, 2,[TMR. X; is
the displacement between the ith collision and the (i+1)th collision.

We are interested in the two dependent variables

t=t,+t + [ (5.1)
and

X =X, + % + R, (5.2)

But now, x, andt;, are not statistically independent and the joint probability density for
andt; is introduced. We choose

_ 1
p(x.t) = ove ""‘i%d(\/ti —>g)+§6(\/ti +>g)ﬁ (5.3)
Integrating (5.3) ovek, returns the exponential density fpr
[ axp(x.t) = ove™ = p(t) (5.4)

Here o is the total isotropic scattering cross-section.

Using the techniques of section ((xt |n) is given by

o e T e w 1
p(xt|n) = ﬁﬁm dkte'k*‘J’_m dk g Jiat [ dx e (s k%) p(x )] (5.5)

or

-11-
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+1
1 (ov+|k[) B
xt|n)=—=[ d e'k't d e"‘X -0 5.6
p( | ) (2n¥iﬁw K K( 0V+|K ) ( )
The change of variable (2.5) leads to
1+ik,)+(1+ik )"
(X tln - 02 |k+0(vt+x)/2 ik_o(vt—x /Zg2 I ( I )D (57)
m2(L+ik, )(1+ik) g

Expansion of the numerator in a binomial series provides a separation of variables and
the integrations are then performed as in (2.6). The result in,4d,

p(x,t]0) = %e‘”"‘{é(vt - X) + o(vt + x)} (5.8)
and forn> 0,
p(xt|n) = Qw\/tnﬂe‘”‘”{é(vt - X) + (vt + x)}
oV on e D HIOVE=X)" (vt +X)™
2 040° ;Hj E(n—J)I (j -2y (5-9)
“vt<xswvt 0<t

(5.8) is the unscattered portion of the density, composed of a part representing the particle
moving in the+x direction and a part representing the particle moving in-the
direction, both parts decaying exponentially with time.

(5.9) represents the particle after it has undergone n collisions. The delta function portion
is the forward scattered component of the density.

Making use of formula (3.10)p(x |t) takes the form

p(x|t) = ;‘“{J(W—x)+6(vt+x)}
En+let x)”J(vt+x)‘l (510)

Lo
2 ZD4DZ (j—l)!

Now label the cross-section occurring in (5.10pgas for isotropic scattering, and
introduceo,, the cross-section for back scattering, by

(5.11)

-12-
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(4.7) and (5.10) may now be used to establish an interesting identity. There is but one
fundamental process, with two equivalent descriptions. One is that if a collision occurs
with probability g,, a scatter occurs in the reverse direction with probability 1. The other

view is that given a collision with a probability, the probability of back scatter is 1/2.

The delta function terms are clearly equivalent. Equating the remaining portions of (4.7)
and (5.10), the following identity is found.

= (ab)* , < (a+b)(ab)*

- o m )t 0
2, ;Ej Hn-iy (-1 © EQ:O e "2 kD o
B -
0 U

(5.12)
— ~ath ‘j/i a+t b
=" Pl,(2Vab) + = 1,(2V/ab)
where a and b are arbitrary complex numbers.
The final result forp(x | t) for one dimensional isotropic scattering is
_1 _onr o ovt
p(x|t) = e E§(vt —x) + (vt +x) + 21, (os/2) +——Il(os/2)ﬁ
2 2 2's (5.13)

s=/(Vt)" - X2 —vt<xswt 0<t
where g is the cross-section for isotropic scattering.

(6)

We now consider a two dimensional scattering process. The patrticle is constrained to
move in the two dimensional plane and undergoes isotropic scattering at each collision.
The dependent random variables of interest are

t=t, +t + 0t
X =X + X, + ¥ X, (6.2)
Y=Yty tUI+y,

The three variablesg, x,, y; are statistically interdependent. This is expressed via the joint
probability density

—OVti

plxyit) = St~ %7 +y?) (6.2)

O is the total isotropic scattering cross-section.

-13-
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(6.2) has the property of returning the exponential density fehen integrated ovex,
andy;.

The density for the three variables of (6.1) is

p(x,y,t|n)=

|kttJ- dkxelk XJ- dkyelkyy
6.3)

n+1l

[Ff dtie“k‘“ [ Z dxe™ [ dye™"p(x.y,.t)

A change of variable fronx, andy; to polar coordinates, whekgx + Ky, = kr, cos6
andk=k?*+ ky2 , allows the quantity in brackets to be evaluated.

2n‘[dtek*t i IdHJ’drre"krmeé(. r ovJ'Ooatie'(ik””V)“Jo(I(\/ti)

o (6.4)

[(ov+ik)”+ (k]

or,

p(x.y,

|Kt‘]— dk elk XJ- dkyelkyy

0 g~ (6.5)
ov 0

ﬁ((m k) + )] 5

After a similar change of variable fég, andk , namely,k x + Kk y = kr cos6 and

r=.x*+y*, (6.5) takes the form

D 0
p(x.y.t|n)= dk e ['dkd, (kr)& v e (6.6)
a5 v+ 0]

The Hankel transform occurring in (6.6) is converted to a Fourier transform using the
identity

® 1 _TM(z+1/2) cog(kr)
J:)dk k‘JO(rk) (82 + k2)2+1 - H(Z+1)J; dk (S2 + k2)z+1/2 (67)

a relationship valid for Re> -1/2, Re s> 0, which translates into > 1.

-14-
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This identity is proved in the appendix and leads to

n+1
rEnD s

O (2
a ov
X,y,t|n d ekt dke'kr ﬂ O 6.8
Mo N
A change in variables
=2k +k)
- (6.9)
k=—(k, -k
2(+ ‘)
allows the integrations to be performed, with the resultsnfe0,
ov _
X,y,t|0)=—e Mo(vt —r
o<r o<t
and forn>0,
ON o (09)""
X, y,t|n)= e
s=/(vt)’ - r? = X +y? (6.11)
O<srswut O<t
Here, p(x, y,t |1) has been determined by a direct integration.
Summing over n and dividing bgv gives
p(x.y|t) = —‘Nﬁcs -n+2 e ﬁ (6.12)

The density for the variable r is

p(r|t)=¢e “’"‘%5 =) +—e ﬁ
(6.13)
s=(vt)? -r? Osrswut 0<t

It is a simple integration to show

-15-
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J’Ovér o(r 1) =1 (6 .14)

Without giving the details, the density for measuring x alone is

A ()P -

pxI = ayp(xyI)
—eHL 9 (o5 )+£L0(os)ﬁ (6.15)
2 2
5= (V) - x* —vt<rswt o<t
(7)
In this section we compute the two dimensional flux dene(byy,t,u | n).

We take to be the cosine of the angle between the vestg) and the flux vector.
p(x y:t,11]10) and p(x, y,t, i1 |1) are computed directly and(x, y,t, ¢t |n) for n>1is
then computed using Fourier representations of the delta functions.

p(x,y,t, 1] 0) = [k, [ dy, [ dl

B(x=%)8(y = ¥o)o(t - )

O onsly _ vZagz
e 5ty =% + ¢’ (7.2)
S0 X+ Wo

N s
O VC+HY X2+ Y20

= Zemsvi-x+y)ou-1) o<t

27t
For p(x,y,t, 14 |1),
p(xy,t, 1) = J’deJ’ dx, I dyOJ' dylf dt, J’ dt,
EERA CRERa )

Gz%le“’“lé(vtl -4y (7.2)
B(X X~ Xl)a(y Yo~ 3/1)5(t —t- tl)
e T )/

T vyt iy B

-16-
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The integrations ovex,, y, andt, are performed first.

After making the substitutiong, =r'cos@, y, = r'sin@ and performing the integrations
overr', we get

p(xy,t, 1) = Dovﬁ ""‘IdGJ’dt Gl r () -2y
v(t-t) (7.3)
0 _xcos@+ysinHD
O ; 0

Using the relationship

x)
dx o(x) 3((x)) = g (7.4)
I zeros;f(x) f (X) zeroof f(x)
there follows,
o’v e
p(x,y,t,u|1) = “‘ (7.5)
27T 1 (vt = prr)
Now computingp(x, y,t, | n) for n>1,
— 1 DU |j1+1 ik, X ikyy ikt ik,
p(x y.t, 1 |n) = 2 2 I dk e I dk € J’ dk € J’ dk, e
® ® - V22 —i(kxxo+kyyo+l<fto)[ﬂ
" dxoj_wdyOL dt, t 6(vt0 — % * Yo )e % 76
0 .
e
—i Xxn+yyn
_i(kxxn+kyyn+kttn)e u\‘X2+y2\9Xn2+yn2
The substitutions
X, =Tr,€0S6,
y,=r,sinf.
dx,dy, =r.dr.dé,
and the relationship
J’OZ " el (acose+bsind) 2m0(\fm) (7.7)

-17-
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leads to
plxytaln) = 7% [ e [ e [ ke [ e
fouf a3, )|
%‘” dt g () ‘]o( JW)
a’ +b® = kv, 2 + 2wt K, (kxxr;kvy) iy

k2:kx2+ky2 I’2:X2+y2

(7.8)

Introducingk x + Kk y = kr cosa and using the known Laplace transformJpf we get

p(x y,t, 1| n) = % I_ 0; dk e I_‘: dkueiku“ J'jga J-O°° dk kel eosa
0 |
S— 0

.
H/(ov+ik)” +(kv)* H

i - OV'Hkt th |:| c““ 2 EI
i dt, g (i) o, (kvt,)” +2vt kcosa +k,2 5

Neumann's expansion theorem gives

Jy E,\'(kvtn)2 + 2wt kcosa +Kk,> E: i J;(=kvt, )3, (k) cos(ja)
=S

which allows thek, anda integrations to be performed, namely

2T, (1)
V1-p

[ ke 3(k,) =

and
J’Ozndae”"ws" cog(jar) = 2ri' J; (kr)

Again using Neumann's theorem

-18-
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- i — 2 2 O
> (-1 3,(~kt, )3, k)T, (1) = 3, ke (vt, )7 + 1% = 2wt r 713
we get
p(x,y,t,u|n) = éov I dkte'K‘Idt g (oveik)h
- (7.14)
g]dkkD %\ +r? —2vtnrug

D\(w+|K) +(kvZD

The Hankel transform occurring in (7.14) is converted to a Fourier transform using the
identity (6.7). This leads to

\ rn-10
o™ 092 O
XYt uln)=— te
p(xy.t.u|n) TG oo i /JI
o0
00 . 00 elkW
T dke" ) [k _ (7.15)

(0 +ik /v)* +1] 2

w= \(vtn)z +r2=-2vt ru

The transformation (6.9) gives

, p-10
(xy.t, | n) = () ‘020 1
PLY.LH Zw’fTT(ZIT)B r[ﬂD \/1 u

Idt g

[0 (7.16)
- ihah@—%+wp2 - ékah@ﬂ”—ﬂlz
[J]_ dk, —————= [ Kk ———5—

(1+ik)z 77 (1+ik)z

The k, andk_ integrations are now performed giving

-19-
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p(x Y.t 1| n) = (J:)n DWS—DW TN Idt (os/12)"°
s2 =(vt)’ —r? = 2v(vt - ru)t, (7.17
. (Vt)z_rZ
2v(vt = rp)

The integration may be performed and with

moLm-10_ (n-20/m
Hzﬁkagr = 1<n (7.18)

the following result is obtained.

(vt In) = o’v e“’"t (o9)"™
21 (Vt—l’,Ll)\;“l—[,lz (n-1)

s=(vt)° -r? r2=x%+y? (7.19)
O<srswuvt o<t -l<u<l 0<n

Integration of p(x, y,t, ¢t | n) over  gives

fﬂﬂdxmwﬂﬂ=pvyim) (7.20)

namely, the two dimensional density (6.11).

The flux density forr due to all collisions, expressed in term®athe angle between the
direction of the flux and the position vector, is given by

Js

p(r011) = e (vt -r)o(e) + <
O

U
T (vt —rcos@)%

s=/(vt)* —r? (7.21)
O<srswut o<t 0<f<sm

This is truly a simple and elegant result.
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Appendix

The identity (6.7)

kJ(rk) _T(z+1/2) cos(kr)
(SZ + k2)z+l - /_ I ( )z+l/2 (al)

r(z+1)L°°dk

iS now proved.

Express the gamma function in terms of its defining form. From the left side of (a.1),

= o kJy(rk) kJ,(rk)
Mz+1 dk—+ dk[ dtt’et —2 2 a.2
( )J:) (32 + )Z 1 I I (82 + kz) 1 ( )
Introduce the variable by the equation
u= t (a.3)
(2 +K '
Equation (a.2) becomes
0 k\J (rk) —us? uk?
F(z+1)‘[O dkm J’ du ue” I dke™ kJ, (rk) (a.4)
The right side of (a.1) becomes
M(z+1/2) cos(kr) 1 0, @ e® i
N J’ ( )z+1/2 = F[J;’ du u’e IO dke™ cog(kr) (a.5)
The problem reduces to one of showing that the relation
_[ dke™ K, (kr) = —— " dke™ cos(kr) (a.6)
Jmu o

is true.

The identity is established by expanding the integrands in series and integrating term by
term. The left hand integral is

0 1 _Lz
J, dke kk\]o(kr):z—ue 4 (a.7)
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and the right hand integral is

1 0 uk? 1 \’ JT -
- — 4
ik dke™ coglkr)==——e *

(a.8)
vu

The above proof is a rephrasing of certain results due to Poisson and Sonine [5].

-22-



Daniel L. Wenger/Random Walks in Space and Time

References

[1] S. Chandrasekhar, "Stochastic Problems in Physics and Astronomy", Review of
Modern Physics <15> 1 (1943) An extensive review of Rayleigh's problem, of Markov's
methods using the Dirichlet discontinuous integral, the central limit theorem and other
problems.

[2] R. Courant, "Differential and Integral Calculus”, Interscience Publishers, Inc., 1937

[3] W. Feller, "An Introduction to Probability Theory and Applications”, John Wiley &
Sons, 1971

[4] "Handbook of Mathematical Functions”, Edited by M. Abramowitz & |. Stegun,
Dover, 1965

[5] G. Watson, "A Treatise on the Theory of Bessel Functions”, Cambridge Press, 1962
(see Sections 6.32 and 13.6)

-23-



